Possible counterintuitive enhancement of superconductivity in
  ladder-type cuprates by longitudinal compression by Sakamoto, Hikaru & Kuroki, Kazuhiko
ar
X
iv
:2
00
2.
06
48
6v
1 
 [c
on
d-
ma
t.s
up
r-c
on
]  
16
 Fe
b 2
02
0
Possible counterintuitive enhancement of superconductivity in ladder-type cuprates
by longitudinal compression
Hikaru Sakamoto1 and Kazuhiko Kuroki1, ∗
1Department of Physics, Osaka University, 1-1 Machikaneyama-cho, Toyonaka, Osaka, 560-0043, Japan
(Dated: February 18, 2020)
We theoretically study the effect of uniaxial deformation of ladder-type cuprate superconductors.
Model construction based on first principles calculation shows that the rung-to-leg ratio of the near-
est neighbor hoppings counterintuitively increases when the lattice is compressed in the longitudinal
(leg) direction. This leads to an enhancement of the superconducting transition temperature, which
intuitively is expected when compressed in the rung direction. Such a trend is traced back to the
on-site hybridization between Cu4s and Cudx2−y2 orbitals, which varies and changes sign upon
lattice deformation.
Superconductivity in ladder-type cuprates has been
studied extensively both theoretically and experimentally
following the seminal proposal by Dagotto and Rice. [1–
3] In fact, (Sr,Ca)14Cu24O41 compound[4], which consists
of two-leg ladders and chains, were found to be supercon-
ducting with a Tc of above 10K under high pressure[5].
Theoretically, it was suggested that a stronger spin-spin
coupling in the rung direction enhances the supercon-
ducting transition temperature[6]. Intuitively, it is ex-
pected that a shorter Cu-Cu distance in the rung direc-
tion would result in a larger nearest neighbor electron
hopping amplitude in that direction, and hence stronger
spin-spin coupling within the rung. Nowadays, there is
a renewed interest in the problem of ladder type materi-
als since a two-leg ladder lattice can be viewed as a two-
band system where wide and narrow bands coexist[7–10].
In such a system, when the Fermi level is placed in the
vicinity of the narrow band edge, strong enhancement of
superconductivity is expected.
In the present study, we explore how the electron hop-
pings of the ladder type cuprates are affected when uni-
axial compression or tension is applied to the lattice
in the leg or rung directions, and investigate its conse-
quences to superconductivity. For simplicity, we consider
the two-leg ladder cuprate without the chains, that is,
SrCu2O3[11], although this material is known to be dif-
ficult to dope carriers. We surprisingly find that the ra-
tio tr/tl, where tr(tl) is the nearest neighbor hopping in
the rung (leg) direction, is enhanced when the lattice is
compressed in the leg direction or stretched in the rung
direction. This counterintuitive manner of the hopping
variation can be attributed to the on-site hybridization
between Cu dx2−y2 and Cu 4s orbitals, which arises due
to the low symmetry of the lattice[12]. Due to such varia-
tion of the hoppings, we find that superconducting tran-
sition temperature (Tc) is enhanced when the lattice is
compressed in the leg direction, opposed to an intuitive
expectation. The effect is expected to be strong espe-
cially in the electron-doped regime.
The model construction of SrCu2O3 is performed
as follows. We take the lattice constant determined
experimentally[13] as a reference, and assume crystal
structures compressed or stretched by certain amount in
the leg or rung directions. We determine the internal co-
ordinates for these crystal structures through structural
optimization and calculate the electronic band structure,
using the Perdew-Burke-Ernzerhof parametrization of
the generalized gradient approximation (PBE-GGA)[14]
and the projector augmented wave method[15] as im-
plemented in the VASP code[16–19]. Plane-wave cut-
off energy and the k-meshes were taken as 550eV and
10 × 10 × 10, respectively. We then extract the Wan-
nier functions[20, 21] from the calculated band structures
using the WANNIER90[22] code, which gives the tight-
binding hoppings and on-site energies tαβi , where i and
α, β denote the lattice vectors and the orbitals, respec-
tively. The tightbinding model in momentum space is
obtained in the form εαβ(k) =
∑N
i t
αβ
i exp(ik · ∆ri),
where we take N = 621 lattice vectors ∆ri. To the ob-
tained tightbinding model, we add the on-site interaction
U term, and the many-body study is performed within
the fluctuation exchange approximation (FLEX)[23]. We
obtain the renormalized Green’s function by solving the
Dyson’s equation in a self-consistent calculation. The
obtained Green’s function and the pairing interaction
mediated mainly by spin-fluctuations are plugged into
the linearized Eliashberg equation. The superconducting
transition temperature Tc is determined as the temper-
ature where the eigenvalue of the Eliashberg equation
reaches unity[24]. In the FLEX calculation, 32 × 32 × 4
(kx, ky, kz)-meshes were taken.
Here, we first construct a model where we explicitly
consider the dx2−y2 orbital centered at the Cu site. This
will be referred to as the two-orbital model since there
are two Cu sites per unit cell (this “dx2−y2” Wannier or-
bital consists of a mixture of Cu dx2−y2 , oxygen 2p, and
also, as explained later, Cu 4s atomic orbitals). From
this model, we estimate the nearest neighbor hoppings in
the leg (tl) and rung (tr) directions, and also the next
nearest neighbor diagonal hopping t′ (see the inset of
Fig.1(a)). In Fig.1(b)(solid lines), we present the varia-
tion of the hoppings tl, tr, and t
′ upon compressing or
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FIG. 1. The variation of the hoppings against uniaxial de-
formation in the leg (left panels) or rung (right panels) di-
rections. We take the tension (+) or compression (-) rate as
the horizontal axis. (a) The ratio tr/tl. (b) tl, tr, and t
′ of
the two-orbital model (solid lines) and the four-orbital esti-
mation (see text) of tl and tr (dashed lines). (c) t
d
l and t
d
r in
the four-orbital model. (d) td→sonsite in the four-orbital model.
stretching the lattice in the leg or rung directions, and in
Fig.1(a) the variation of the ratio tr/tl. In contrast to an
intuitive expectation, tr/tl increases when the lattice is
compressed in the leg direction and stretched in the rung
direction.
To understand the origin of this counterintuitive vari-
ation of the hoppings against the lattice deformation, we
now construct a model which explicitly takes into account
the Cu 3dx2−y2 and 4s orbitals. This model will be called
the four-orbital model. In fact, it has been known that
the 4s orbital hybridizes with dx2−y2 to give rise to an
appreciable diagonal hopping in the cuprates[25–28]. For
the ladder structure in particular, it was pointed out in
ref.[12] that the anisotropy of the 4s-orbital-related hop-
pings is the origin of the anisotropy of the effective d-d
hoppings in the leg and rung directions. Note that the ef-
fect of the 4s orbital is implicitly taken into account in the
Wannier orbitals in the two-orbital model. In Fig.1(c),
we plot the hopping between the nearest neighbor dx2−y2
orbitals in the leg (tdl ) and rung (t
d
r) directions[29]. Now
these hoppings behave as intuitively expected, namely, tdl
becomes large when the lattice is compressed in the leg
direction, and tdr is reduced when the lattice is stretched
in the rung direction. Similarly, we find that the near-
est neighbor hoppings between 4s and dx2−y2 (t
s→d
l,r ) be-
have as intuitively expected under lattice deformation
(not shown). We therefore expect that the hoppings be-
tween the dx2−y2 orbitals via the 4s orbital (see Fig.2)
play a crucial role in the counterintuitive lattice deforma-
tion dependence of the hoppings in the two-orbital model.
We estimate the d→ s → d hopping using second order
perturbation theory as
td→s→dl,r =
td→sonsitet
s→d
l,r
εd − εs
, (1)
where td→sonsite is the dx2−y2 to 4s hopping within the same
Cu site, ts→dl,r is the nearest neighbor 4s to dx2−y2 hop-
ping in the leg or rung directions, and εd,s is the on-site
energy of the dx2−y2 or 4s orbitals. Contribution from
all possible equivalent paths are added up, and added to
tdl,r, which gives the dashed line plots in Fig.2. As seen in
this plot, the four-orbital estimation almost perfectly re-
produces the two-orbital results, which confirms the view
that the origin of the counterintuitive variation of tr and
tl is the hopping path d→ s → d (we have also checked
that contributions coming from other paths that involve
the 4s orbital are very small).
To further understand intuitively the contribution
from the d → s → d path, we focus on td→sonsite, plotted
in Fig.1(d), which changes sign upon lattice deformation.
This sign change can be intuitively understood from the
upper panels of Fig.2. Namely, when the nearest neigh-
bor Cu-Cu distance in the leg direction al is long, the
widely spread 4s orbital is elongated in the leg direction,
while the more localized dx2−y2 orbital is less deformed.
In this case, the on-site hopping is dominated by the lon-
gitudinal portion of the dx2−y2 wave function, so that
td→sonsite < 0 , taking the phase of the orbitals as depicted
in the figure (note that the sign of a hopping is the op-
posite to that of the multiplication of the signs of the
wavefunction of the initial and final orbitals). Similarly,
when the nearest neighbor Cu-Cu distance in the rung
direction ar is long and the 4s orbital is elongated in
the rung direction, td→sonsite > 0. This tendency is con-
firmed in the calculation result shown in the lower panel
of Fig.2. When al is large and hence t
d→s
onsite < 0, from
eqn.(1), td→s→dr > 0 and t
d→s→d
l < 0 because t
s→d
r > 0,
ts→dl < 0, and εd − εs < 0. Similarly, when ar is large
and hence td→sonsite > 0, the sign of the indirect hoppings
becomes the opposite as td→s→dr < 0 and t
d→s→d
l > 0.
Adding td→s→dl,r to the negative t
d
l,r explains the coun-
terintuitive variation of the hoppings against the lattice
deformation.
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FIG. 2. Upper panel : schematic image of the hoppings of
the four orbital model in the large al (left) and large ar (right
cases). Lower panel : The on-site hopping from Cu4s to
Cudx2−y2 orbitals in the four orbital model, plotted against
the difference between the nearest neighbor distances in the
leg and rung directions.
We now move on to the analysis of superconductiv-
ity. We take the on-site repulsion U = 3eV, which
is a typical value for the cuprates[30]. In the upper
panels of Fig.3, we plot the superconducting transition
temperature against the band filling n(=number of elec-
trons/number of sites) for the cases when the lattice is
compressed or stretched by 5% in the leg or rung di-
rections. A common feature in all cases is the double
local maximum of Tc, one around half filling, and an-
other at n > 1, i.e., in the electron doped regime. Tc
is enhanced near half-filling due to the enhancement of
electron correlation. A prominent feature peculiar to the
ladder-type lattice is the rather high Tc in the electron-
doped regime. The Tc maximum in this regime is about
twice as high as that of the Tc calculated in the same way
for a 100K cuprate superconductor HgBa2CuO4, shown
in the inset of Fig.3. To understand this Tc maximum,
we introduce the tightbinding band dispersion of the two-
leg ladder given as E±(k) = tl
[
2
(
1∓ t
′
tl
)
cos(k)± tr
tl
]
,
where− and + stand for bonding and antibonding bands,
respectively, and −1 < t′/tl < 0 (appropriate for the
cuprates) makes the bonding band narrower than the
antibonding band. In the previous studies[7, 9], it was
shown that Tc is strongly enhanced when the Fermi level
is raised by electron doping (the necessity of about 30
percent electron doping was suggested in Ref.7) so that
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FIG. 3. Upper panels : The FLEX result of the supercon-
ducting transition temperature calculated for the two-orbital
model against lattice deformation in the leg (upper) or rung
(lower) directions. Inset: A similar calculation result for
the single orbital model of HgBa2CuO4. Lower panel : A
schematic image of the relative shift of the bonding and anti-
bonding bands as tr/tl increases.
it lies just above the top of the bonding band. There,
this was considered as an example of superconductivity
enhanced in systems with coexisting wide and narrow
bands, when the Fermi level is positioned in the vicinity
of the narrow band edge, namely, when the narrow band
is “incipient”[31–39].
Now, when the lattice is compressed in the leg direction
or stretched in the rung direction, the ratio tr/tl counter-
intuitively increases (while t′/tl is barely affected) as we
have seen, so that the bonding band is lowered relatively
to the antibonding band, as depicted schematically in the
lower panel of Fig.3. Hence, less electron is required for
the Fermi level to reach the vicinity of the bonding band
top. This is the reason why the Tc maximum moves to-
ward the less-electron-doped regime in these cases. Espe-
cially when the lattice is compressed in the leg direction,
the maximum Tc itself is enhanced because the electron
correlation effect becomes stronger as the band filling ap-
proaches half filling. On the other hand, when the lattice
is stretched in the rung direction, although Tc is maxi-
mized in the less-electron-doped regime, the maximum Tc
is suppressed. We believe this is because |tl| decreases,
leading to the reduction of the energy scale.
Let us now extract the 4s orbital effect that is implic-
4itly taken into account in the two-orbital model. To do
this, we consider a two-orbital model obtained by remov-
ing the 4s orbitals “by hand” from the four-orbital model.
Tc calculated for this “d-only” two-orbital model against
the band filling for the same lattice deformation as in the
original two-orbital model is shown in Fig.4. The trend
is almost completely the opposite compared to the orig-
inal two-orbital model, namely, the local Tc maximum
is reduced and moves toward the more-electron-doped
regime when the lattice is compressed in the leg direc-
tion or stretched in the rung direction. This is due to
a combination of two effects that involve the 4s orbital.
One is that the diagonal hopping t′ becomes very small
in the absence of 4s because the main origin of t′ is the
hopping path via the 4s orbital, as shown schematically
in the inset of Fig.4[25–28]. In such a case, the bonding
and antibonding bands have nearly the same band width
(and the band structure is nearly electron-hole symmet-
ric). This requires more amount of electron doping for
the Fermi level to reach the top of the bonding band.
Hence, the local maximum Tc is suppressed compared to
the original two-orbital (see the supplemental material
for details). Another effect is that the counterintuitive
variation of tr/tl is lost in the absence of 4s. Therefore,
compressing the lattice in the leg direction or stretching
it in the rung direction simply suppresses tr/tl, requiring
large amount of doped electrons for the bonding band to
be incipient. These results conversely reveal the crucial
role played by the implicitly considered 4s orbital in the
original two-orbital model.
The analysis on superconductivity in our study is based
on FLEX, which is kind of a weak-coupling approach, but
the tendency of enhanced superconductivity with larger
tr has also been pointed out in a previous density ma-
trix renormalization group study[40]. We expect that
the main conclusion here is qualitatively unaffected even
if we adopt a strong-coupling viewpoint, where the spin-
spin couplings in the leg and rung directions are given
as Jl = 4t
2
l /U and Jr = 4t
2
r/U , respectively, in the large
U limit. The compression of the lattice in the leg direc-
tion enhances tr and hence Jr (while keeping tl and Jl
almost unchanged), from which we expect superconduc-
tivity to be enhanced based on the previous studies on
the t-J model on ladder-type lattice[6, 41–44]. Although
we are not sure about how the “incipient band” situa-
tion affects superconductivity in the t-J model, we do
expect larger effect in the electron-doped regime than in
the hole-doped regime due to the larger density of states
in the former.
Relevance of the present study to experiments is of
great interest. In fact, it was found in ref.[45] that ap-
plying uniaxial pressure to (Sr,Ca)14Cu24O41 in the leg
direction results in an enhancement of Tc compared to
the case when hydrostatic pressure is applied[5, 46], al-
though the quantitative correspondence between theory
and experiment is not clear, partially because this is the
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FIG. 4. Plots similar to Fig.3 for the “d-only” two orbital
model, obtained by removing the 4s orbitals from the four
orbital model. Inset : A schematic image of the origin of the
diagonal hopping t′, which involves the 4s orbital.
case when holes are doped in the ladder.
To summarize, we have investigated how supercon-
ductivity in the ladder-type cuprates is affected through
modification of the electronic structure when uniaxial
compression or tension is applied. It is found that the
ratio tr/tl is enhanced when the lattice is compressed in
the leg direction or stretched in the rung direction. This
counterintuitive manner of the hopping variation is at-
tributed to the on-site hybridization between Cu dx2−y2
and Cu 4s orbitals, which varies as the 4s orbital is de-
formed through the lattice deformation. Due to such
variation of the hoppings, Tc is enhanced when the lat-
tice is compressed in the leg direction, opposed to an
intuitive expectation. The effect is expected to be strong
especially in the electron-doped regime, where the Fermi
level approaches the top of the bonding band.
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Here, we compare in more detail the two-orbital model
and the d-only model. In Fig.S1, we compare the band
structure. It can be seen that in the d-only model, the
two bands have nearly the same band width, and the
band structure is more electron-hole-symmetric. There-
fore, larger band filling (more electrons) is required for
the for the bonding band to become incipient. This
means that superconductivity is locally optimized at a
band filling which is further away from half filling com-
pared to the case of the original two-orbital model, which
results in a lower Tc maximum. In Fig.S2, we plot
the eigenvalue of the linearized Eliashberg equation at
T = 0.01eV as functions of the band filling for the two
models. The result is more electron-hole-symmetric for
the d-only model, as expected. The eigenvalue is maxi-
mized at a larger band filling for the d-only model, and
hence its peak value is smaller than that for the original
two-orbital model.
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FIG. S1. The band structure of the two-orbital model (black
solid) and the d-only model (red dashed).
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FIG. S2. The comparison of the eigenvalue of the linearized
Eliashberg equation at T = 0.01eV as functions of the band
filling.
